Abstract. In this paper we give three programs on computer for finding the subgroupoids, wide subgroupoids and normal subgroupoids of a finite groupoid. Applying these programs for groups, we can determine all subgroups and normal subgroups of a given finite group. 2000 Mathematics Subject Classification: 20L13, 68W20.
INTRODUCTION
The concept of groupoid has introduced by H. Brandt [Math. Ann. 96, 360 -366 ( 1926; JFM 52.0110.09 )]. A groupoid is an algebraic structure determined by a partially composition law and a nonempty set of units. In the language of categories, a groupoid is a small category in which all morphisms are invertible. For more details and references about groupoids the reader can be consult the papers ( [1] - [3] , [6] - [8] ).
The plan of this paper is as follows. In the first section we give some preliminary concepts concerning groupoids. In the second section we present an algorithm for finding the subgroupoids of a groupoid. This algorithm is implemented on computer and we obtain the program BGroidAP 2. This program has published in [4; Zbl 1109.20310 ]. In the Section 3 and Section 4 we give the programs BGroidAP 3 and BGroidAP 4 for to determine the wide subgroupoids resp. the normal subgroupoids of a finite groupoid. We illustrate the utilization of these programs on some finite groupoids.
The programs exposed in this paper represent an essential tool for the study of finite groupoids.
CLASSES OF SUBGROUPOIDS
Let (G, G 0 ) be a pair of nonempty sets with G 0 ⊆ G, endowed with the surjections α, β : G → G 0 , called the source and the target map, respectively, a ( partial ) composition law µ : G (2) −→ G, (x, y) −→ µ(x, y), where G (2) = {(x, y) ∈ G × G|β(x) = α(y)} and an injection ι : G → G, x → ι(x) called the inversion map. We write sometimes x · y or xy for µ(x, y) and x −1 for ι(x). The elements of G (2) are called composable pairs of G. DEFINITION 2.1. ( [4] ) (i) The 5-tuple (G, α, β, µ; G 0 ) is a semigroupoid, if the composition law is associative, i.e. (xy)z = x(yz), for all x, y, z ∈ G such that the products (xy)z and x(yz) are defined.
(ii) A monoidoid is a semigroupoid (G, α, β, µ; G 0 ) such that the identities property holds, i.e. for each x ∈ G we have (α(x), x), (x, β(x)) ∈ G (2) and α(x)x = xβ(x) = x.
(iii) The 6-tuple (G, α, β, µ, ι; G 0 ) is a groupoid or a G 0 -groupoid, if (G, α, β, µ; G 0 ) is a monoidoid such that the inverses property holds, i.e. for each x ∈ G we have (x −1 , x), (x, x −1 ) ∈ G (2) and x −1 x = β(x), xx −1 = α(x). 2 Remark 2.1. The definition of the groupoid is equivalent as the one used in the paper ( [2] ).
2 The element α(x) [resp. β(x) ] denoted sometimes by u l (x) [ resp. u r (x)] is the left unit [ resp. right unit] of x ∈ G. The set G 0 is called the unit set of G. A G 0 -groupoid G will be denoted by (G, α, β; G 0 ) or (G; G 0 ). The maps α, β, µ and ι are called the structure functions of G.
If (G, α, β; G 0 ) is a groupoid, then the following properties hold (see [3] ):
for all x ∈ G; (4)G(u) = {x ∈ G|α(x) = β(x) = u} is a group under the restriction of µ to G(u), called the isotropy group at u of G.
2 Example 2.1. (i) A group G having e as unity, is just a {e}-groupoid in the following way: the maps α, β : G → G 0 and ι : G → G are given by α(x) = β(x) = e, ι(x) = x −1 for all x ∈ G; for all x, y ∈ G the element x · y is the product of elements x and y in the group G. Conversely, every groupoid G with one unit is a group.
(ii) The nul groupoid over a set. Any nonempty set X may be regarded as a groupoid on itself with the groupoid structure : G = G 0 = X, α = β = ι = Id X ; x, y ∈ X are composable iff x = y and we define
Thus F inj (S, X) is a groupoid, called the groupoid of injective functions from the nonempty sets S of X into X.
In particular, if X = {1, 2, . . . , n}, the groupoid of the injective functions defined on the subsets of {1, 2, . . . , n} is called the symmetric groupoid of degree n and is denoted by S n ; for several properties of S n , see [5] .
(ii) Let Oxy be a system of cartesian coordinates in a plane. We consider the subsets Ox = {(x, 0) ∈ R 2 |(∀)x ∈ R} and Oy = {(0,
where f 3 : Ox → Oy, f 4 : Oy → Ox are defined by f 3 (x, 0) = (0, x) and f 4 (0, y) = (y, 0) (σ Ox resp. σ Oy is called the saltus function defined on x -axis resp. y-axis ).
For the composable pairs of G, the map µ is defined by:
The unit set of G is
It is easy to verify that (G; G 0 ) is a groupoid, denoted by F (4;2) (R 2 ) and called the groupoid of saltus functions defined on the axes of coordinates in a plane. (2) and G 0 = ∪ i∈I G i,0 , where G i,0 is the unit set of G i . Here, x, y ∈ G may be composed iff they lie in the same groupoid G i and they are composable in G i . This groupoid is denoted by i∈I G i and is called the disjoint union of groupoids G i , i ∈ I. In particular, the disjoint union of groups G i , i ∈ I is a groupoid. 2 A finite G 0 − groupoid G such that |G| = n and |G 0 | = m is called (n; m)− groupoid or finite groupoid of type (n; m). We will sometimes denote a finite groupoid of type (n; m) by G (n;m) .
Example 2.4. (i) Each finite groupoid of type (n; 1) is a group.
(ii) Each finite groupoid of type (n; n) is a nul groupoid.
(iii) The groupoid F (4;2) (R 2 ) is a (4; 2)− groupoid. 2 DEFINITION 2.2. (i) Let (G, α, β; G 0 ) be a groupoid. A pair (H; H 0 ) of nonempty sets such that H ⊆ G and H 0 ⊆ G 0 is a subgroupoid of G, if the following conditions hold: (1)α(H) = β(H) = H 0 ; (2) for all x, y ∈ H such that xy is defined, we have xy ∈ H and (3) for all x ∈ H, we have x −1 ∈ H.
(ii) A subgroupoid (H; H 0 ) of a G 0 − groupoid G with property that
(iii) A wide subgroupoid (H; G 0 ) of a groupoid (G; G 0 ) is called a normal subgroupoid of G, if for all x ∈ G and h ∈ H such that the product xhx −1 is defined, we have xhx −1 ∈ H.
2 The intersection of any collection of subgroupoids of a groupoid is itself a subgroupoid of that groupoid. If G is a G 0 − groupoid and X is a nonempty subset of G, then the intersection of all subgroupoids of G which contain X is a subgroupoid, denoted by < X > and called the generated subgroupoid of G by X.
Example 2.5. (i) In a group G, every subgroupoid (in fact, subgroup) is a wide subgroupoid and conversely.
(ii) If G is a G 0 -groupoid, then G 0 is a normal subgroupoid of G, called the nul subgroupoid of G.
(iii) Let be the Klein 4-group K 4 = {(1), σ = (12)(34), τ = (13)(24), σ • τ = (14)(23)} ⊂ S 4 ( it is a subgroup of the symmetric group S 4 of degree 4). We have σ 2 = τ 2 = (1) and τ • σ = σ • τ. We consider the disjoint union G = K 4 F (4;2) (R 2 ) of the group K 4 with the groupoid
It is easy to verify that K 4 and F (4;2) (R 2 ) are subgroupoids of G. Also,
are wide subgroupoids of G. Moreover, N 1 and N 2 are normal subgroupoids of G. 2
ALGORITHM FOR DETERMINATION OF SUBGROUPOIDS. THE BGroidAP 2 PROGRAM
We consider a given finite universal algebra (G, α, β, µ, ι; G 0 ) such that |G| = n and |G 0 | = m with 1 ≤ m ≤ n. We denote the elements of G by
We give an algorithm for decide if the universal algebra (G, α, β, µ, ι; G 0 ) is a G 0 -groupoid and for determine the subgroupoids of G. This algorithm is constituted by the following stages.
Stage I. We introduce the initial data: n = |G|, m = |G 0 |; the functions α, β, ι and µ given by its tables of structure.
Stage II. Test if the universal algebra (G, α, β, µ, ι; G 0 ) is a groupoid. For this, the following steps are executed: step 1. (G, α, β, µ, ι; G 0 ) is a structure well-defined, i.e. α, β are surjections, ι is injective and µ is defined on G (2) with values in G; step 2. (G, α, β, µ; G 0 ) is a semigroupoid; step 3. the semigroupoid (G, α, β, µ; G 0 ) is a monoidoid; step 4. the monoidoid (G, α, β, µ; G 0 ) is a groupoid. step 5. If the above steps are satisfied, make the tables of the structure functions α, β, ι and µ and write the message "G is a groupoid ".
Stage III. Determine the subgroupoids of G. The following steps must be executed: step 1. Write all nonempty subsets X of G; step 2. Determine the subgroupoid < X > of G generated by X; step 3. Sort by cardinal all subgroupoids determined in the step 2; step 4. List the subgroupoids produced in the above step; step 5. For each subgroupoid make its subgroupoid table.
Let us we present the correspondence between the initial data and input data:
The absence of an element from the arrow "j" and the column "k" of the table of µ indicates the fact that the pair (a j , a k ) ∈ G×G is not composable. The element a jk = µ(a j , a k ) is represented by 0 in the table of input data, if the product a j · a k is not defined.
Example 3.1. Let the groupoid G = K 4 F (4;2) (R 2 ), see Example 2.5 (iii). We have G = {a 1 = (1), a 2 = f 1 , a 3 = f 2 , a 4 = σ, a 5 = τ, a 6 = σ • τ, a 7 = f 3 , a 8 = f 4 } and the correspondence between the initial data and input data are the following: The implementation of the above algorithm on computer is realized in the program BGroidAP 2, which is composed from two modules denoted by unit21.df m and unit21.pas. The module unit21.pas is consists from the principal program followed of procedures and functions.
The principal program of the module unit21.pas is constituted from the following lignes. The procedures and functions marked by the symbol " ⋆ " can be find in [4] or in the preprint arXiv:math/0602604v1 [math GR]. The other procedures and functions contained in the module unit21.pas are presented in the follows. (8; 2). We consider the subset G (8;2) = {g j |j = 1, 8} of the symmetric groupoid S 3 ( see [5] ), where:
We denote the restrictions of the structure functions α, β, ι and the composition law defined on the groupoid S 3 to G (8;2) by the same symbols. Using the correspondence G (8;2) = {g 1 , g 2 , g 3 , g 4 , g 5 , g 6 , g 7 , g 8 } ←→ {1, 2, 3, 4, 5, 6, 7, 8} the input data are given by the following tables: 8 2 1 2 1 1 1 2 2 2 1 2 1 2 2 1 1 2 1 2 3 6 7 4 5 8 1 0 3 4 5 0 0 0 0 2 0 0 0 6 7 8 3 0 1 5 4 0 0 0 0 4 0 0 0 1 3 5 0 5 0 0 0 3 1 4 6 0 7 2 8 0 0 0 7 0 6 8 2 0 0 0 8 0 0 0 0 7 6 2 Execute the program BGroidAP 2 for G (8;2) and the window program of obtained results is presented in the Figure 1 .
Therefore, G (8;2) is a groupoid with unit set G (8;2),0 = {g 1 , g 2 } and it has 11 subgroupoids ( see, Fig. 1 ). Using the initial data and input data for this groupoid, the correspondence between output data and final data is the following : Figure 1 : The subgroupoids of a (8; 2)− groupoid
←→ H 10 (4;2) = {g 1 , g 2 , g 5 , g 7 } {1, 2, 3, 4, 5, 6, 7, 8} ←→ H 11 (8;2) = G (8;2) .2
DETERMINATION OF WIDE SUBGROUPOIDS. THE BGroidAP 3 PROGRAM
We give an algorithm for decide if the universal algebra (G, α, β, µ, ι; G 0 ) is a G 0 -groupoid and for determine the all wide subgroupoids of G. This algoritm is constituted by the following stages.
Stage I. We introduce the initial data, see Section 2.
Stage II. Test if the universal algebra (G, α, β, µ, ι; G 0 ) is a groupoid. This stage is composed by five steps; see, Section 2.
Stage III. Determine the all wide subgroupoids of G. The following steps must be executed: step 1. Write all nonempty subsets X of G with property that G 0 ⊆ X; step 2. Determine the subgroupoid < X > of G generated by X; step 3. Sort by cardinal all wide subgroupoids determined in the step 2; step 4. List the wide subgroupoids produced in the above step; step 5. For each wide subgroupoid make its subgroupoid table.
This algorihtm is implemented on computer and we obtain the program BGroidAP 3, which is composed from two modules denoted by unit31.df m and unit31.pas.
The principal program of the module unit31.pas consists from the following lignes.
Lignes
The module unit31.pas 001 -027 the lignes 001 -027 of the module unit21.pas; 028 -036 the lignes 029 -037 of the module unit21.pas; 037 ToolButton7: TToolButton; 038 -043 the lignes 038 -043 of the module unit21.pas; 044 -051 the lignes 045 -052 of the module unit21.pas; 052 procedure Button7Click(Sender: TObject); 053 -107 the lignes 053 -107 of the module unit21.pas; 108 end.
The new procedure of the module unit31.pas is presented in the follows. Therefore, this groupoid has 10 wide subgroupoids ( see, Fig. 2 ). Using the correspondence between output data and initial data, its wide subgroupoids are the following :
Applying program BGroidAP 2, we obtain that G has 29 subgroupoids. Example 4.2. Determination of wide subgroupoids of a groupoid of type (8; 2) . Let the groupoid G (8;2) = {g j |j = 1, 8} given in Example 3.2. Use the inputs data presented in the Example 2.2 and execute the program BGroidAP 3. We find that this groupoid has 7 wide subgroupoids, namely:
DETERMINATION OF NORMAL SUBGROUPOIDS. THE BGroidAP 4 PROGRAM
We give an algorithm for decide if the universal algebra (G, α, β, µ, ι; G 0 ) is a G 0 -groupoid and for determine the normal subgroupoids of G. This algoritm is constituted by the following stages.
Stage I. We introduce the initial data,see Section 2.
Stage III. Determine the normal subgroupoids of G. The following steps must be executed: step 1. Write all nonempty subsets X of G with property that G 0 ⊆ X; step 2. Determine the normal subgroupoid < X > of G generated by X; step 3. Sort by cardinal all normal subgroupoids determined in the step 2; step 4. List the normal subgroupoids produced in the above step; step 5. For each normal subgroupoid make its subgroupoid table.
The program BGroidAP 4 is composed from two modules denoted by unit41.df m and unit41.pas.
The principal program of the module unit41.pas consists from the following lignes.
Lignes
The module unit41.pas 001 -027 the lignes 001 -027 of the module unit21.pas; 028 -036 the lignes 029 -037 of the module unit21.pas; We illustrate the utilization of the program BGroidAP 4 in the following cases.
Example 5.1. (i) Determination of normal subgroupoids of a groupoid of type (9; 3). We consider the subset K (9;3) = {ϕ j |j = 1, 9} of the symmetric groupoid S 3 , where:
We denote the restrictions of the structure functions α, β, ι and the composition law defined on the groupoid S 3 to K (9;3) by the same symbols. Using the correspondence K (9;3) = {ϕ 1 , ϕ 2 , ϕ 3 , ϕ 4 , ϕ 5 , ϕ 6 , ϕ 7 , ϕ 8 , ϕ 9 } ←→ {1, 2, 3, 4, 5, 6, 7, 8, 9} the input data are given by the following tables: Therefore, K (9;3) is a groupoid with unit set K (9;3),0 = {ϕ 1 , ϕ 2 , ϕ 3 }. This groupoid has 5 normal subgroupoids ( see, Fig.3 ). Using the correspondence between output data and initial data, these normal subgroupoids are the following : N 1 (3;3) = K (9;3),0 , N 2 (5;3) = {ϕ 1 , ϕ 2 , ϕ 3 , ϕ 4 , ϕ 6 }, N 3 (5;3) = {ϕ 1 , ϕ 2 , ϕ 3 , ϕ 5 , ϕ 8 }, N 4 (5;3) = {ϕ 1 , ϕ 2 , ϕ 3 , ϕ 7 , ϕ 9 }, N 5 (9;3) = K (9;3) . (ii) Applying the program BGroidAP 2 for the groupoid K (9;3) we obtain that it has 14 subgroupoids, namely:
, H 12 (5;3) = N 3 (5;3) , H 13 (5;3) = N 4 (5;3) , H 14 (9;3) = K (9;3) . (iii) Also, applying the program BGroidAP 3 for K (9;3) , we obtain that it has 5 wide subgroupoids. We observe that, each wide subgroupoid of this groupoid is a normal subgroupoid.
.2 Example 5.2. (i) Determination of normal subgroupoids of the groupoid G (8;2) . Use the inputs data presented in the Example 3.2 and execute the program BGroidAP 4. This groupoid has the following 5 normal subgroupoids: N 1 (2;2) = G (8;2),0 , N 2 (4;2) = {g 1 , g 2 , g 3 , g 8 }, N 3 (4;2) = {g 1 , g 2 , g 4 , g 6 }, N 4 (4;2) = {g 1 , g 2 , g 5 , g 7 }, N 7 (8;2) = G (8;2) . (ii) Determination of normal subgroupoids of the groupoid K 4 F (4;2) (R 2 ). Applying the program BGroidAP 4 for G = K 4 F (4;2) (R 2 ), we obtain that G has 10 normal subgroupoids, namely: The inputs data for this group are the following: 1  1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 5 4 3 2 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10 2 3 4 5 1 7 8 9 10 6 3 4 5 1 2 8 9 10 6 7 4 5 1 2 3 9 10 6 7 8 5 1 2 3 4 10 6 7 8 9 6 10 9 8 7 1 5 4 3 2 7 6 10 9 8 2 1 5 4 3 8 7 6 10 9 3 2 1 5 4 9 8 7 6 10 4 3 2 1 5 10 9 8 7 6 5 4 3 2 1
Use the above input data and execute the program BGroidAP 4. Then D 5 has 3 normal subgroups, namely:N 1 = {e}, N 2 = {e, a, a 2 , a 3 , a 4 } and
Applying the program BGroidAP 2 or BGroidAP 3, we obtain that D 5 has 8 subgroups ( in fact, subgroupoids and wide subgroupoids with one unit ), namely: H 1 = {e}, H 2 = {e, b}, H 3 = {e, ab}, H 4 = {e, a 2 b}, H 5 = {e, a 3 b}, H 6 = {e, a 4 b}, H 7 = {e, a, a 2 , a 3 , a 4 }, H 8 = D 5 .2 For more details concerning the programs given in this paper, the reader can be inform at e-mail adress: ivan@math.uvt.ro.
